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INTRODUCTION

In recent years great interest has developed in the study of the role of the semi-
permanent centers of action as they affect wearher conditions averaged over several days.
An examination of the daily synoptic and upper air charts indicates that although these
centers of action have closed isobaric systems at the ground (e.g., the Aleutian and
Ieetandic lows) they often appear at upper levels as sinusoidal disturbances of the average
zonal distribution of pressure.

In a recent paper® Rossby found an important relationship between the velocity of
movement (¢} of these sinusoidal disturbances, the wave lengths (L) and the velocity of
the undisturbed geostrophic wind (U7) e.g.: ¢= U—(8L%/4*) where § is the rate of change
of the Coriolis parameter (f=22 sin §) along a meridian circle, @5 the angular velocity
of the earth’s rotation and # is the latitude.

‘The importance of this formula resides in the face that it indicates when the centers
of action will move eastward; westward or remain stationary (¢Zo). Such movements
are of fundamental importance in forecasting procedure since these centers are con- -

-trolling factors in weather situations (e.g.: a trough at the three kilometer level is
associated with precipitation, hence the prediction of the movement of this trough en-
ables a prediction as to where precipitation will spread).

The case treated by Rossby was that of an infinite horizontal layer. However infinite
layers cannot exist on the earth. As a better approximation to actual conditions Haur-
witz} treated the case of a finite horizontal layer. He obtained the expression:

- 2
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where I is the horizontal width of the disturbance (see Fig. 2).

Another important factor which.has been neglected heretofore is the effect of shear
on the movement of perturbations in the prevailing westerlies. It is the primary purpose
of this paper to extend the investigations of the horizontal perturbations by determining
the effects of shear upon their movements, In treating the case of shear, the method of
circulation integrals will be used. V. Bjerknes first made extensive use of the circulation
theorems and some fruitful interpretations of them were made by Hoiland. We will
show first how these integrals are to be used b}' applying them to the cases of the infinite
and finite horizontal layers where no shear is present. Then the case of shear will be
considered for both infinite and finite layers.

The first chapter of the paper deals with the method of circulation integrals, indicating
how it is to be applied to wave phenomena. The actual applications of the circulation
integral to the single layer of finite and infinite widths, and the double layer are carried
out in Chapters IT and IT1. In these chapters, formulas for the velocity, the length of the
stationary wave and critical wave length of each case are developed. Tables are com-
puted and diagrams constructed for the more interesting cases of .s:atmnary and critical
wave lengths,

* Rossby, C.-(7.—The Relation Berween Variations in the Intersity of the Zonal Circulation of the Atmasphere and
the Dl;glac:mzmxu[the Semi-Permanent Centers of Action.
1 Haurwitz, B.—The Motion of Atmespheric Disturbances,
1 Hoéland, b—On the T ion and Appli of the Cireulation Theoreps of V. Bjerknes.
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In the analysis of the single layer problem for both finite and infinite widths, two
different formulas for the velocity of a herizontal wave arise, depending upon whether
the stream function is a hyperbolic or a trigonometric function of the north-south co-
ordinate. The basis for the choice of stream function is discussed in Chapter 11,

The author takes this epportunity to thank Dr. Sverre Petterssen, in charge of the
Meteorology Department of Massachusetts Institute of Technology, for his assistance and
encouragement in making this work possible. To Prof. Jorgen Holmboe of the University
of California, much gratitude must be expressed for many helpful conversations on the
subject matter of this paper and related matters, The author’s deepest gratitude goes to
Helen L. Garstens for her sympathetic cooperation and able assistance in computing the
values for the tables and diagrams and in preparing this work for publication.




CHAPTER I. THE METHOD OF CIRCULATION INTEGRALS

Hoiland* has given a new interpretation of the circulation theorems of V. Bjerknes
in so far as they can be applied to the investigations of the stability of perturbations in
general. In particular, the underlying dynamics of wave phenomena is illuminated by
this interpretation of the circulation theorems. For the purpose of this investigation, it is
necessary to set up the circulation integrals in a form as to apply to a horizontal wave
arising from a disturbance of the prevailing westetlies. The Caoriolis force is the restoring
foree of the wave. We will assume throughout that we are dealing with an incompressible
fluid (p= constant).

'[h: cquanons of two—dimensmnal motion for an ideal fluid are given by the ex- -
pressions:

pi-JRRPPRR, .
(1) " ™
T
| v i dp
e LT
This in vectorial form is:
(1a) PV = = 200, X v = Typ

where p is the densicy of the air, w and v are the x and ¥ components of the velocity,
@, the vertical component of the earth's rotation, = (du/de)i+(do/d)j the horizontal
acceleration, and Tep the horizontal component of the pressure gradient. We neglect
the effect of graviey (—p 7, where ¢ is the geopotential} since the motion is restricted
to the horizontal plane. If (1a) is integrated around a closed path, we get:

(2) f»-au—fa.x‘r-sz

which may be called the eirculation theorem for horizontal perturbations. p dees not
appear since it is constant and may be cancelled out. 3r is the element of path. Figure 1
indicates the path along which the integrals in (2) are

taken in the case of waves. The integral of the pressure Y| c=eeececem emamsees,
term vanishes since the gradient of pressure is a conserva-
tive vector (curl Tp=0). In evaluating (2) a stream func-
tion may be introduced from which we obeain the com-
ponents of the acceleration ¥, given in (1). This stream
function will in general be a function of ¥ (the north-south
axis). Some interesting properties of the wave motion we
are to consider emerge from an analysis of this stream Fio, 1. Shawing the path slong whid}

* function. These will be discussed in a later chapmr the ingegrals are tsken in the casc o
waves.

* Hoiland, E-—op. dt.




CHAPTER II. SINGLE LAYERS

1. SivGLE Lavers o Fisvrre Wiotas
The closed path which we consider in the case of a horizontal wave is that through
the trough, crest and along the two fixed boundaries. (For a wave of infinite extent the
boundaries are at infinity.) In Fig. 2 the path of integration is along #BCD.A, AB being
the trough and €D the crest of the wave. The amplitude of the wave is indicated as Ay,
assumed to be infinitesimal in magnitude. It is assumed that there is an undisturbed
west-east velocity of flow. U, and that the streamlines indicated in Fig. 2 arise as a result
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Fic. 2. Showing the amplitude of the wave and the dircctions of the
sceelerations within it

of an infinitesimal perturbation of the undisturbed flow. If 4B and €D move with the
velocity of the wave, then they will continue to pass through the trough and crest
respectively. Thus within the area #BCD, steady state conditions will prevail. The
heavy arrows indicate the direction of the acceleration along cach of the four sides.
Thus arrow 1 points in the direction of converging streamlines. The fluid obviously
accelerates in that direction. Similarly for arrow 3. The arrows 2 and 4 indicate the
direction of the accelerations along the trough and crest due to the curvature of the
streamlines there. Close to the fixed walls BC and DA there are no components of the
acceleration perpendicular to them. Along A8 and CD the accelerations are perpendicu-
lar to the fixed walls and have no component parallel to them since the streamlines do
not converge or diverge there, It is thus clear that the integral of the acceleration in the
direction ABCD.A will yield the same sign for each of the four components (AR, B,
CD, DA} of the path (8r being parallel to arrows 1, 2, 3 and 4 respectively). With these
points in mind, it follows immediately that equation (2) in this instance reduces by
means of equation (1}, to the form:

[
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f i-dr f"*’s+ e“a.r+fn°hﬂ+ =
v-br = — F — iy =
ancpsy a4 dr o 5t c ol p

=— f o, % vodr
(ANCDAY

For a compressible fluid like the atmosphere, the integral around a closed path of equa-
tion (1a) may be written in the form:

fﬁ-ir-—:f R.Xv-br—f aWap-br

where a=1/p is the specific volume, Here

—f aTyp-ér

is the well known expression for the number of solencids contained within the closed
path of integration (ABCDA). This is a small quantity for an average distribution of
temperature and pressure from north to south and therefore may usually be neglected.
However, close to a coastline where a large concentration of solenoids may occur, this
term may nolonger be negligible. These solenoids constitute an external force which remains
fixed at a point. Such a force will cause a stationary wave to occur. The Coriolis force
however is a free foree and can, of course, give rise to propagating waves.

Returning to equation (3) it'is clear that a stream function ¥, may be introduced
since the effect of compressibility is being neglected. For example, assuming that ¢, is a
-trigonometric function of the north-south variable y, we have:

(3h

¥
(=)

o .
- o8 SN px, —
o cos ¥ sin g ¥

(]

where the subscript » indicates motion relative to a system of coordinates moving at the  «
velocity ¢ of the wave (e.g.: x,=x—cf). I is the width of the flowtand u=2r/L, where
L is the wave length. .

The stream function for relative coordinates may be introduced into equation {3}

making use of the relations:

.

and 6 = — -
Ay, .

v'.-=;(v—6)1 = —
The resulting equation simplifies considerably when second order terms are dropped.
Thus, since u, = (#—¢)+u' and v,=0" (primes denoting disturbed values of the velocities)
we get: .
a0y o0, 0.

— +
dat L iy

e
By =
aye
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Equation (3) therefore becomes:

B do “dat, dve A du,
S f e [ e
i o dr

= ([ = &) { f (ep*Cy cos hy = Upy cos L_v)ﬁj}

(5} d + {U -l {fs (- .rh;Ca cos e, + Lk cos M-}

; e
=2 Gie = Uy + pGale - U = 4le - U)=cu(“ - )

. N
-— fﬂ.Xv-ér .
.J" dte J‘ d'v.. J‘ dk. .f‘ n‘«,&x
e = =L
Y = ) B &t »

sinpe, = 1, and sinhy =1

along BC and AB respectively.
To evaluate the right hand part of equation {3} we note that @, v- ér vanishes along
the walls and hence need only be integrated along the trough and crest of the wave. This

! S ' .-
Y
NORTH
C loases B
A,V
v
WEST, — EAST
5r-
ol |
i mpuic AT X L :

Fic. 3. The direction of the vertical component £, of the
:mh's :mgular -velmt.v and of the eross produce &8,y within the
Wa'!!

follows from the fact that @, v is at right angles to &r along the walls, whercas it is

parallel to ér along the trough and crest (see Fig. 3. Along 4B and CD, @, X v b1 may
be written in the form Q.edy so that we merely have to evaluate the integrals
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B o )
ZJ- hady + 2f Daudy.
A . c - :
0, is assumed to vary linearly in the y direction.* We may therefore make the substitu-
tion: 20, =2, + 8y where

o 20cosd
gy _ 2o
dy

a

is constant. Here @ is the earth's radius and @,, is the value of the vertical component of the
earth's angular velocity at the origin. Thus:

:f Ludy = 1n,qf iy + .ﬂfyuéy.

The first integral on the right taken across 4B and CD vanishes because of the continuity
assumptions (e.g.: the fluid is homogeneous and incompressible). Equation (3) therefore
reduces to the following form:

- {6) e UJ’C'(“! : )!) - ﬁ{ j;xyuay + f:ynay} .

Since

lt-“r'l"-_%‘FC':iA{{—mC‘lsiﬂ:\f‘FU .
. Ly
along 4B and CD respectively, we may integrate equation (6} by parts, e.g.:

& ) ] : 8
i Gy =(c—U {.ﬂ?\C i hé}--— = NaC; H n
[ i = - {mc [ yen i} = = (e~ U o sseosny
B B
'—(r—UJﬂCn{ycusb'| —f cusi\_yé}'}

1 r
= = (¢ = LNBC, {_}- cog Ay — Tsin l\)‘}
4

“and similarly for the integral from € to D. The integral of U_rﬁy vanishes around a
closed path. Equation (6) therefore becomes:

Y 4G
(3 =G —— )= -
(&) o se-ve () - -
or:
iy
) - cmu-Z £
. 4rd L3+ D

which is Haurwitz's formula.

* See Rosshy, C.-Go—op. cit., p. 42, for justification of this assumpion.
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2. SwoLe Lavers o Inrrare Winras
From this analysis we can see the role played by the different forces entering into the
formation of the wave. As we go on to more complicated cases of waves (e.g.: double
layers) the same type of analysis will make it possible to see clearly the physical basis

of the phenomenon. Thus equation (3) indicates that there s a balance of three forees’

involved in producing the inertial wave we have been considering. They are:
1. The Curvature Forces (along A8 and CD, see Fig. 4)
2. The Kinematic Restraint (along BC and DA
3- The Coriolis Force.

The forces due to curvature along the trough and crest are given by the integral of the

C B

Fie. 4. The accelerations due to the curvature of Sow and to the
presence of & boundary,

acceleration along 4B and €D and are equal ro (403/M)Colc— )% For sufficiently deep
flow this is the only one which is important in balancing out the Coriolis force. This is
quite clear when we consider the term in equation (3) due to the kinematic restraint
4ACo(c— U)% This term arises from the integration of the acceleration along BC and DA,
For wide layers h—o. For such layers, the following equation holds:

. .
“'Tca(r—w*- -—zf @, X vir = -*ic“(:— )
or
' BLt
9 =U—
(8) < pos |

which is Rossby’s formula. In other words, Rossby's formula states the existence of a
‘balance berween the Cariolis force:

2 i, X vedr

and the forces due to streamline curvatuve along the trough and crese. From Fig. 4
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we note that the aceelerations alang the trough, crest and walls are evelonic. The Coriolis
foree is the third force which alone balances the other two,

With the introduction of the walls, a force which is due to the kinematic restraint
arises. This ane is also cyclonic.in direction and therefore shares with the curvature force
the task of balancing the Coriolis force, It is therefore to be expected that the frequency
v of the wave or its velocity for a given wave length will be affected by the kinematic
restraint introduced by the boundaries.

Before we proceed to the discussion of double layers, it is important to point out
some very interesting consequences of the assumption made in equation (4) that the
stream function is a trigonometric function of the north-south variable y.

. ' 3. THE STREAM FuncTion ¢ )

Assuming a perturbation which is independent of the north-south direction and con-
sidering only the effect of the laticudinal variation of the Coriolis force, the velocity ¢
of the perturbation is given by equation (8). The assumption that underlies the above
result is that the p:rturhatiun velocity u', in the x" (or eas t—wes:) direction is independent
of the latitude (c.gz.: »* is constant along the y axis). )

From the law of the conservation of absclute vorticity, it !s not difficult to obtain
the expression for the propagation of horizontal waves when #° is not constant in the y
direction. Thus from

dit + 1) o dw
(g) a‘:’-_- = o where }= (; - a_)

is the relative vorticity and / the Coriolis parameter, we obtain by neglecting terms of
arder higher than the perturbation velocities  or s‘:

%y’ A’ atp’

{13} ———+ U {
didx -y i {:hrﬁy

Assuming horizontal incompressible motion, we may intreduce a stream function ¢ such

that: .

b il
(Ut u') = = —; P —
ay dx

}-‘Hin’-u

If the stream pattcrn ¢ is propagated at the constant velocity ¢ in the x dlrecuon,_
then we may express it in the form:

W= Psinulx = o) = L,
where P is now a function of y. Substituting this in {10) we get:

4P [ )
I . — —pPlw- =
. () dy? . -

If P15 constant in the y direetion then ‘

&P .
E=O and ( -

-o) or .:-I[."A-E
y

U—c
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which is Rossby’s result. The most general solution of (11) is:
P = Aeko 4 Bk,

8 e
[ L —— ]
{ v-c " }
is imaginary or real depending upon whether

L{ =t
U—: or W

where

It is of some interest to consider the meaning of these inequalities. If we take the
first one:

i <u
vee ¥

then K is imaginary and P can be expressed as a trigonometric function, e.g.:
P = Ccos Ky.
If we define the lateral extent of the flow as D we can set K= or
8

T

from which we get as the welocity ¢ of the wave, the expression:

2
t-U—ﬂ{LD }

4= L4 D¢
When
8 » gt
- #

K 1s real and P can be expressed in terms of exponential or hyperbolic functions. If two
finite lateral boundaries are desired (e.g.: =0 along two different lines, see Fig. 5}t is
clear that a single hyperbolic function is not sufficient since the latter can vanish only
along a single line. This difficulty may be overcomelby using two hyperbolic functions
instead of one. Thus we may let:

{12a) g1 = Cysinh Ky 4 &) cos wlx — &)
for negative y (below the x axis), and

(12b) W = Cz sinh K(y — &) cos uix — ef)
for positive y (above fthe x axis).

Here yy=0 at y= =4 and ys=0 at y ==+h which are the conditions required.
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This distinction between the use of hyperbolic and trigonometric functions does not
arise in the case of purely gravitational waves. In the latter case § does not oecur at all

|

-

Waﬁmmmmmm

Fio, 5

(B=o), This gives rise to an equation similar to (11) except that the term [8/(U/—¢)]
is not present. The resulting equation:

atP
L pe=o
dyt

can only have hyperbolic solutions. It is for this reason that hyperbolic functions occur
in the velocity formulas for gravitational waves. Thus the velocity of & wave in relatively
deep water is given by the expression:

€ =% tnh A
©

where /& is the depth of the water and g the aceeleration of gravity.

In the case of waves whose restoring force is the earth’s rotation, we have two typés
of streamlines to consider, each of which will give rise to a different expression for the
velocity.

For gravitational waves K=g. But this is not the case as we have seen, when the
Corialis force is considered. Thus when

K=\ (see Page 12). When

= ot

U—¢

K is a measure of the damping cffect (e.g.: as in P(y)~e-%v), Besides K in (12) we have
A and h" which now measure the separation of the fixed walls instead of D (see Fig. §).

It is worthwhile to abtain the amplitude of the streamlines and trajectaries from the
stream function we have considered (equation (4)).
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4. AMpLITUDE 0F THE TRAJECTORIES AND STREAMLINES

“In a recent paper* Rossby showed that for the case of an infinite layer the ratio of
the amplitude of the trajectory to that of the streamline is given by U/(U—¢). It follows
from this that the particles move farther north than the streamlines indicate for eastward -
moving waves, and not as far north as the streamlines indicate for westward moving
waves. It is evident that for finite layers, the amplitudes for both the trajectories and the .
streamlines are influenced by the presence of the walls. We will determine just what that
influence is.

It should be borne in mind that the perturbations we are considering are infinitesimal,
so that all amplitudes are likewise infinitesimal and of the same order as Cy. The ampli-
tude of the trajectory of a given particle within'a fluid whose streamlines are given by
equation (4) is Cy cos Ay. This can be shown in the following manner: A given particle of
fluid at X, ¥ will in general describe some closed path, as the disturbance ¢, defined by
equation (4), is propagated from west to east (see Fig, 6). If X, ¥ are the coordinates of

Fia. 6. Showing the wajectory X, ¥ of a particle around its mean position =, ¥,

this particle and x, y the geometric center of the closed path it describes, then it is
possible to express X, ¥ in terms of y(x, y, ¢) by the relationship:

S22
dt 63' d dy

=i 5 (300

However, the expressions within the pa.renthests are second order terms and may there-
fore be dropped. Hence:
W dX - 4 W _dv
- n

ay  dr T
which with (4) yields:
- (a) )(..f%‘x—-d.r-z -J'ﬁdr= (- ;)fcux sin Ay sin wlx — o)t + DY
13 :

(b} Y-f—-dx f:"" = (U= :lfc.,‘ cos hy cos pix — cl)dl,

- Rmb‘!-'. €. G.—Planctary Flow Patterns in the Atmasphere.
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Naw the point x, y around which the particle described the trajectory indicated in Fig. 6
15 SWept aJongWLth the mean velocity U, so rhat x=Utin (13b) and ¥ is therefore given
by the expression:

¥ = Cocos Ay sin w(U — &)1
Neglecting the first term to the right in (13a) this may be writren as:

— )

(13¢) Y= Cocos by sin(b X.
This satisfies th: required kinematic conditions. Thus the amplitude (Ca cos W) of the
trajectory varies from zero at the walls (y=D/4, 3D/4) to a maximum value of C; at the
center of the flow (y=D/2). (See Fig. 2.)

It is interesting to note that the ratio of the amplitude of the trajectory to that of the
“streamline is not affected by the introduction of the boundary conditions thus far dis-
cussed. The amplitude of the streamline is easily obtainable from {4). Consider any

v
o P
%
H
1
FESENEEEES T # X
Fis. 7

streamline ¢y, and let y, represent the mean ordinate of this line. If Ay represents the
amplitude of the streamline we may, by neglecting higher order terms, write:

lh = (U7 = £)Co cos by sin ple — :1] U=~ Uy
. = (U — )€y cos ?-[J’ + Ay) sin plx — o) — UU‘ + ay)
= (U7 = &) cos by — Uy 4+ 450

since ’

sin plxy = of) = o,
and - -

sin plxg = ¢f) = 1,
ISubtractmg these two equations from each other we get, for th: amplitude of the stream-
mnes

<)

-
by = Cn'(" i Ay

This varies in the same way as the amplitude of the trajectorv between the walls y=D/4
and 1D, The ratio of the two is U/(U—c). The lateral extent of the d:.r:sm&ame has there-
fore no effect on .rﬁe relative magnitude of the two amplitudes.




CHAPTER III. DOUBLE LAYERS

1. DousLe Lavers wrtn Unirorm Unoistursen VeEvocrry e Eace

Up to this point we have neglected the effect of shear completely. As an approxi-
mation to the most general casc of an arbitrary velacity profile, that of a double layer
with a uniform velocity in cach will be cnnsid_:r:d. The impartant effect of shear is that
_ of being a destabilizing force. If sufficiently strong, shear will give risc to an unstable
wave. In the absence of this force, as can be scen for the case of the inertial waves just
treated, only stable waves can occur. Thus the velocity ¢ of the disturbance just con-

sidered (equation (%)) cannot be imaginary so that instability is clearly impossible.

2. InstaBinrry 1w 4 Dovste Laver wite No Restorineg Force

To see how instability arises, we will consider the case of pure shear in a double
layer, with no vestaring force. The disturbed state of the originally straight line flow is

represented by Fig. 8. We may, for the purpose of this discussion, neglect the kinematic
restraints and consider only those forces due to

rows in Fig. 8) that the present shape of the wave
Fia, 8. The action of the local accelerations dv/%  cannot persist since all of the accelerations are
}Tn:::ﬁﬁrf" amplitade of the wave winceass  aoping in the same direction (counterclockwise)

and there is nothing to counterbalance this force
except the local accelerations which will be in the opposite direction (clockwise, dv, /¢ in
Fig.8). To illustrate this point more fully, let i =i+ represent the acceleration of any
part:cle with respect to a fixed system of coordinates and v, that with respect to a system
moving with the velocity ¢ of the wave. Th:n

&,=7(v—c)=:‘«.'

For a stable wave there are no local accelerations with respect to the moving cwrdmatc
system, so that
v,

= + v Ve = Ve Ve

it

. -
This will only occur if the convective acceleration v, v, is balanced by some other
foree such as the Coriolis force {e.g.: v.- Vv —262,3¢ v) or that of gravity. If no other
balancing forces exist; then local accelerations (@v,/#) set in and the direction of these
accelerations are such as to cause the wave to grow in the same direction as the pertur-
bation. A crest grows taller and a trough deeper. For if we integrate v,- Vv, along the

16

M ; the curvature of the streamlines along the trough

T . and crest, The geostrophic wind velocity U of the

current to the north is assumed to differ from that'

o awl to the south, which is U7, We assume that there is

W ‘\ |5 . no variation in density from one current to the

) \DL_\J other and that both are homogeneous and incom-
—y¥' pressible.

U " It is clear from the directions of the convec-

— tive accelerations along 48 and CD (heavy ar-
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path 4BCDA, taken as the positive direction, we get a positive value as Fig. 9 shows,

Since

dve i
+ v Vep =m0

ar

in this case, the integral of dv, /3¢ in the same direction must be negative, so that along
AB the local acceleration will be downward (deepening trough) and along CI} upward
{growing crest). . .

If the convective term v,- 7w, is integrated around the closed path in a case when
instability is possible, then the velocity ¢ and frequency » turn out to be imaginary. -
Thus it is easy to show that the convective acceleration along the trough and crest is
equal to (F—&)%/r in the lower layer and (U7 —¢}*/#" in the upper, where » and ' are
the radii of curvature for the streamlines with respect to the moving system of both
respectively. To demonstrate this, we first note that:

da,
TV = (U — ) —
Ve WV { )

L

in the lower |aycr, and
.
v Tu & (U O
ey

‘in the upper, neglecting second order terms (e.2.: #.(8v,/d%,)). 9. =1y is the perturbation
velocity in the y direction and likewise for v.", Since v=+¥/dx, it can be shown by use
of equation (4) that .

dwe  dp v N
—_—=—= = o8
o, dx pibecos iy

along the trough and crest. It is also a simple matter to prove that

L G
i - .
roo (U= v
It follows therefore that
ar, (U —e)?
U-g w22 i
[ 4

For sufficiently deep layers we can assume that (U—¢)*/r and (U" —c¢) *fr' remain con-
stant throughout, so that the integral of the acceleration around the closed path 4BCDA,
with the accelerations along the walls neglected since they are small for deep layers, yields:

(149) . f v = {w—:')~’+£’;_’}_2} _—

Salving this for the'velocity ¢ we get:

— (U — L)%

I
= (U 4 Ur) & ———
(42) €= W4 U

The last term is always imaginary which means that the wave is unstable.
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It is not difficult to see that the addition of the accelerations along the wall will not
remove the instability since, as was previously pointed out, lh:)’ act in the same counter-
clockwise direction as the centrifugal acceleration.

3 THE VevociTy oF 4 Wave 1y A DousLe Laver

The introduction of the Coriolis term provides a balancing force against the shearing
force. The eritical point which divides the stable from the unstable wave dependson
the wave length which we.may call L.. We will determine this critical point now. In’
order to do this we first obtain the velocity ¢ of the wave. The stream functions for the
upper and lower layers with respect to coordlnates moving at the speed of the wave can
be represented by:

-—-*'—U-Cpons :(ysln,\ut,-l—y
€=
(14b) ‘v

—v Cucos)\j sin ux, 4 ¥

respectively. The lateral breadehs of thc upper md lower layers are assumed to be equal
and the equation of separation of the two is given by:

= Cysin px,.

In integrating the equation of motion ¥, = =243, v arou nd the path ABCDA (see Fig. 8)
we first compute the integral along 0'BCO using ", then along ODAQ' using .. Points
O and O may be considered to be at a distance exactly midway between A48 and CD re-
spectively. The error involved is of the second order and is therefore negligible. Thus
the integral of the terms in the equation of motion from the walls to O or O is of the
arder of Cy, which by assumption is infinitesimal. The integral of the same terms from
O or O to the central point is of the order Cidy where a_v is the infinitesimal distance
from @ or 0" to the center,
Thus we may write the integral of the equation of motion:

f fv,.-ﬁrz—:f 0, % vodr
ABEDAY ABCEA)
in the form:

(15} f Ve br 4 \'r.-ér=—2f Q,Xv’-ﬂr—:f Q. X voér
o BOG GBAO" RCO onAO”

In the same manner as in the case of a single bounded layer we can easily show that each
of the terms in (15) can be expressed in the following manner:

(15a) fo‘m‘}' ir= {f, ';;“ iy +J‘: d:: ax+£° d:;r ar}
am [ e e [ e [ )

1gc) 'zf Q. ¥ v a.::f i
[ Lai)
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. L .
(15d) 1f ' Q.XV-M-QJ. Duuba
. B S

where the' subscript r indicates motion relative to the moving system of cwrdmales
Within such a system stationary conditions prevail so that all partial derivatives with
respect to time vanish. Thus: . .

ot o’
—-=(U—:]—

-naglcctmg hlgh:r order terms (see Page 17). Similar cxpr:ssmns held for the othér terms.
It is impartant to note that in (15¢) and (15d} both & and «" are not expressed in co-
ordinates relative to the moving system. The reason for this is obvious since the Coriolis
force is independent of the moving coordinate system. In the case of the convective
accelerations (15a) and (15b) however, the introduction of moving coordinates does not
affect their value since translation merely adds a constant ¢ which drops out when the
time derivative is taken.

Substituting the stream functions (14b) in (15&, b, ¢, d) the fo!lowmg walues are
obtained:

w0 [ e e e (22)

o < du, s, WM
— = —_ 2,
(168) J; — 3)’+ID = x+f =t U}C( )

e e = INEG
{:.&} zfs Rty = ————
A _ (e — UG
(16d) _ufo iy = —
Equation {15} therefore becomes: .
) e B . Do
(7 (f-LFJ"F((—U}"—FHf-U)ﬂ'(r U 1Dy

or

U+ U i BLD: I -
G e=—— = {4:§(L9+Dv]}__1/(4r{r_t$n= = (=

Equation (17a) gives the velocity ¢ of the wave where the effect of shear (U=U") and
the finite lateral extent of the wave is taken into account. If no shear is present (U=U"),
then (17a) reduces to the case previously derived (see equation (7)). And for this case,
as the width I of the two layers becomes large compared to the wave length [, we
‘oheain the expression for an infinitely wide layer:

_ AL

¢ =

T
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(see equation (8)). For the case of wide layers where the shear does not vanish, we obtain:

U+ U 1 pplr 1 BLTNE -
8 E=sSe 8 ;)‘-?V(ﬁ)“”‘””"

4 Lewor oF Stattonany Waves 1w Dovare Lavers
When the disturbanee is stationary (¢ =0) equation {17) reduces to:
LIDE
4w L7 + D)
from which the stationary wave length L. is obtainable:

(Ut + U = B(U + U)

(19) Lo=-

For wide layers the stationary wave length is:

T .
AU+ U
“The full significance of equation (1) is indicated in Fig. 9. Given the velocities U and
U" and the width Dywe can immediately determine whether or not a stationary wave
length is possible. Thus, for a given latitude we construct a eirele of
g D?S)

ir | et

(193) Lo = 2

radius

g d (
-———— and center
I
If U and U” fall within this circle, a stationary wave length is possible. As the point
approaches the circumference, its stationary wave length becomes larger. At the cir.
cumference, it is infinite in size, and outside the circle, it is imaginary (no stationary
wave length is possible there).,From equation (19) we can obtain the equivalent of the
above remarks. ’ :

Wh B ( [ ) 1 Land U7 are within the region of possible stationary
e FUCAN P F ] Dt wave lengths,
g U+ 1 R
(1gh) When F(U‘“I' U’-‘-) -B;; L, i infinite,
| U+ 1 PR . ] =
When —j’—t (ml— < E ¢ Ly isimaginary. No stationary wave length is possible.

5. Lesors oF Statiowary Waves 1v Inmiwire Dovsie Lavers

In Table I we have tabulated the values of L, for various cases of shear in deep
layers and in Fig. 10 we see the limiting case of Fig. g as D becomes infinitely large.
The curves of constant L, are plotted with U7 and U as coordinates. These curves are
all circles passing through the origin. The limiting circle of Fig. ¢ is now a straight line.
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All points below this line yicld imaginary wave lengths, In Fig. g the radius ro, of the
circle of constant L, is equal to:
L.i
(Gl
1+ Lt

where » is the radius of the limiting circle.
Tt is interesting to note the following points which both Table I and Fig, 1o indicate.
The stationary wave length does not depend on shear alone as does the critical wave

U .
M/SEC L& IMAGINARY

[y
M/sEC

Fic. 9. Lengths of stationary waves for double lavers of
nt.

varying lateral event,

length L, (the wave length at which instability sets in. See page 26). It obviously de-
pends on the values of the velocities thémselves, Thus for (U= 1) =4 m/sec, we may
hawe the following values of L, for latitude 30°:
when

U=+ 8 U=+ 4 L=3640km

U = 4 112, U= 4 &, Ly = 4550 km

U= 416, U'=4r12, L ,=35350km et

This increase in analogous to the ordinary increase in stationary wave length with -
velocity when there is but a single unbounded layer.

For the infinite double layer with both U7 and U positive, L. lies in between the
values of L, for single layers of velocity U and U’. Furthermore it is impossible to obtain
a stationary wave length in a single layer if the geostrophic wind is negative, since
L, becomes imaginary in that case (equation (8)). This is not so for the double layer.
As long as (U4 U") is not negative a stationary wave length is possible. Thus it is possible
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far easterly winds to exist either to the north or south of westerlies and still get stationary
wases, provided the absolute value of the westerlies is greater than that of t{l: casterlies.
When one of the winds is casterly, there is a marked increase in L, for the double

T TABLE 1

Leworh of THE STaTIoNARY Wave o5 o Fuscrion or ux Vetociriss U ane U7 pox o INFINITE
veLe Laver asp Dirrenzent Larrruoes, .

" ; :
vl N | e | it | | s | e || |
4 | o a8z ah5a 4450 5330 o i i
s E ELE 420 4550 LA 6310 - i )
107 17 4888 4450 45350 4900 5330 a3i0 Htl] - i
16 shas 5330 ] } £350 [T Bhigo LT 1400 =
= 310 872 5760 | sByo’ | 6oz 7250 Bifo | by | 1o
. sae | gt | amse | 49l e “ i i i
B sz | om0 | aan2 s S840 tgm0 = i i
45" LE R 70 4039 S040 5405 s910 bg7o0 | 1E2500 = i
16 Gagqt Eri sy sg10 fagn x| edbe 1ghen -
| EgrE [ 616 bade bt aha ghye | 1:Bga | 20700
Y | | s | e | e | Gee || = | @ | :
¥ 5353 4830 5352 3999 fgbo 8150 " i i
. 6t 12 B4z (] 550 fiq 32 Fosa Bige | 1339m = i
b | 7428 fg10 bgba | 7080 7478 Bigo | 1i7ho | 1dsho -
20 Boy 7760 758e 766 7938 9530 | g | agyee | agjee
) mimaginary

layer. Thus when U= +20 m/sec and U= —4 m/sec at latitude 45°, L.=7g60 km as
compared to 6978 km for the single layer. When U7 = —8 m/sec, l-;-gé-gcr km,-an in-
crease of more than 407 over the single layer value.

6. LeEnGTH 0F STaTionany Waves v FINITE DoueLe LavErs

Table IT and Fig. 11 show the stationary wave lengths for several cases of shear
where the lateral extent of the disturbance stretches from the pole to the equator. The
same remarks which were made with regard to Table I and Fig. 10 apply to Table 11
and Fig. 11, Thus L, of the double layer is in between thosc for single layers with ve-
locities U7 and U7, Again L, is imaginary for casterly geostrophic winds for the single
layer whereas ca:rcrly winds with real values for L, arc again possible for double layers
providing (U+ U’} is positive.

A comparison of Figs. 10 and 11 or equations (15) and (15a) shows that the effect
of the introduction of walls in the case of double layers 1s to increase the size of the
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stationary wave length for any given values of U7 and- U, Thus at latitude 45° for:
U=+12 m/sec and U/ = 48 m/sec

L, = goyo km, for the infinite double layer,
Ly = sfico km, for the finite double layer.

M/SEC

L¢= IMAGINARY ) M /SEC )

Fia, 12, Lengths of stationary wawves for an infinite double layer.

For: U= 48 m/sec and U'= —4 m/sec
L, = 6g70 km, for the infinite double layer,
L. = g730 km, for the finite double layer. -

In the latter case”the introduction of walls at a distance of 10,000 km from each ather
causes an inereage in wave length of about 3097,
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7. Tue Carriear Wave Lenets L.

It iz obvious from (18) that for sufficiently strong shear, instability will set in, since
(U= U*) will become larger than the Coriclis term (8L2/4x%2% If we hold (U= U") fixed,
then instability occurs if the wave length L, is made sufficiently small. Conversely, the

TABLE IT

LewoTas oF Stationany Waves as a Fuserion of ToE Veroerries U ase UV, vor 4
Fasare Dovsit Laver axp DIrrERERT Lamitunes, wrran D= 10,000 k.

L.mn.,N e | ik !,:;,L it | | | e | e
4 | mgekm| zge0 poswef aese feme 7o i
S 4350 3,910 4,355 $.130| 6,01 gjersl 7.0 i
12 3,600 4,980 50 50| &290 7.m49| 7.930)
16 | 6,85 5,050 boml 6,200 6,85e] 7.480 8,180 17,900
cem %1 7,336 7,019 7,740 7.4Be 8,190| 11,300 18,350
4 3,28 - | 3,38 4,400 §,710 7008 8,500 i
8 4,850 B T T T O o MLl M
- 12 6,440 s §.Boal 64e0 Ti339 L;ﬂ; 9,782 1
# 16 8,000 7,000 6,970 9,3 8000 6,000 13,093 70,750
20 5,752 4,500 7,80 8.49; Bo950) 9,750 41,595 42,762
4 4,509 q,0000  fabal 7,379 #4309 13,430 ‘NS
[ &, 16 5,4_&.; 6,160 5,500 630 11,000 15,000 F
= ts St | 7,970 7,800 8410 9,900 11,950 15,000 ¢
1 x(’,‘mu 8,430 B.f20 @,p00| 11,700 13,0000 19,000
20 (14,900 12,430| 31, 550] 11,900 13,100 14,900 $,300|
F=imaginary .

larger the wave length and the smaller the shear, the less the instability which occurs.
The stabilizing effect of the Coriolis force is clearly indicated in (18). If we neglect this
force, we get: B
=2V oy
. .
which is imaginary for all values of {7 and U’ except when U7=U", This is the case of

pure shear. ) o ) Lt
In the more general solution (17a) we can see the cffect of the finite boundaries on
the stability of the wave. The first term underneath the radical can be written:

BL® 2

47 '5;-4-1 |
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If we cmﬁpare this with the corresponding term in (18) it is clear that the introduction
of the walls leads to less stability.

#. Crarmican Wave Lenaras For InFinite Dovete Lavers
In the case of disturbances of infinite Jateral extent, equation (18) enables us to

L= IMAGINARY

Fua. xr. Lengths of stationary waves for a double layer where D= 10,000 ferm.

obtain the critical wave lengths L. at which instability sets in, Thus, if the radical in
(18] is not to be imaginary 1t is necessary that

AL 2
(——) = (U — U,
4
Hence .
(a0) L= 1/ -0
: : . 8,
Table 11T indicates the variation of this critical value for different latitudes and shear.

1t is evident from (20) that L, depends only on the difference in wind velocities and not
on the actual wind velocities in each layer. '
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TAELE 11T

Crrmacar Wave Levens as 4 Foncrion of Spear (7= TF), vor ax Inrimime Dounee Laves
AnD DIFFERENT LATITUDES,

v-w
4 msec & msec T2 msme 16 m e 20 m/fsec
Lamiruoe x.__\:\
30" 2,830 km 4,020 i 4,880 . 5,650 6,100
4" 3,130 a0 | S0 6,258 7,000
fo® 1712 5,370 | 6,420 Toale #3359

g. Crrticar Wave Lenctas ror Finite Dovsre Lavers

From equation (172) we can obtain the critical wave lengths where the disturbanee
is of finite lateral extent. Setting the expression under the radical equal to zero we get.

1
1/4-= w-uv)

Fig. 12 shows the variation of L. for different values of shear, latitude and lateral extent.
Table IV contains some tabulated values for L. when D=10,000 km. The effect of

TABLE IV '

Crirtear Wave Leweras as a Fonetion oF Sweas (U—LU7), roa & Fisire Dovnee Laven
awn Dirrerest Lamiooes.,

u=-ur
Le 4 m/fsee & mysee 13 mysee 16 m/sec a0 m/sec
ITITURE
ko 2,540 km 4,350 5600 830 8,150
45" 3,290 4,325 440 4,005 9,780
o™ 4,019 6,180 B 425 11,630 15,000

boundaries on critical wave lengths is similar to that on stationary ones. In both cases
the wave length increases as the lateral extent of the wave diminishes. For small values
of shear, the increase in wave length is slight, whereas for large values the increase is
quite appreciable. Thus for (U—U") =4 m/sec,

L, = 2825 km for the deep layer,

L. = 2g40 km for the shallow one,
while for (7= L") =120 mfsec,

L= 6.310 km for the deep layer,

L, = 8130 km for the sha].luw_clne,

where both cases are in latitude 307, The effect of boundaries is much more pronounced
for strong shear than for weak. The dotted lincs in Fig. 12 shows this effect very clearly.
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1o. Eopies ow tHE IsexTRoPIc CHART

The occurrence of eddies on the isentropic chart is a well known phenomenon. We
may, by means of the foregoing analysis, get some insight into one of the factors which
determine the size of the eddies which are thrown off from westerly currents. We are
interested in explaining not the maintenance of any given eddy, but rather the manner
im which the instability gives rise to an eddy, and the determination of the maximum
size of the original eddy which is thrown off.

We may take I. as a measure of the initial size of these eddies. Fig. 13 indicates the
transition from the original perturbation to the final eddy. The isentropic charts on
pages 28, 2g, and 30, show some good examples of well formed eddies. Fig. 12 shows

T
18000 !
15000/ y
12000 . 4

= D=8000
-

—= =T TD=I3000

6000 g0

4

3000

i () iz 6 EVEV]

Fuc. 2. Critical wave lengehs for a double hur for varying
luteral extents, lativade 30"
the maximum size of the eddies. It is elear that for the infinite double layer, the initial
size of the eddy cannot exceed that indicated in Fig. 12 (e.g.: for a given (U—U"), L.
cannot fall above the dashed line for D= w). If the length of the disturbance exceeds
the maximum indicated, then a stable wave results and the eddy does not occur.

It should be kept in mind that the effcet of gravity as a stabilizing foree has not been
considered. Also the effect of vertical stretching on the propagation of the wave and its
stability has been omirted. These will affect not only the maximum sizes of eddies
possible, but also operate towards setting a lower limit to their size. It should also be
remembered that the shear which normally occurs in the atmosphere is not concentrated
along a single line as are the cases treated here. In spite of these limitations the figures
which we have included bear out our conclusions that £, is an important factor in
limiting the size of the eddies. Thus, the isentropic chart for June 25, 1937 shows an eddy
of approximately 3000 km over the southeastern part of the United Seates. The wind
distribution is such as to give a discontinuity parallel to the castern shoreline, of shear
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(U= U") =10 m/sec. The maximum size indicated by Fig. 12 for D=10,000 ki is 4000
km which is in good agreement with the size of the eddy on the isentropic chart. The isen-
tropic charts over the United States for June 26 and June 27, 1937 (see Technique and Ex-

A

Fia. 13. The growth in amplitude of 2 wave whese wave length is below the eritical ome L.

o
]

JUME 25,1937 A.M.

Isentrapic Chart for June 25, 1537 Salid lines are lines of specific humidity while dotred lines ase lines of elevarion (in
rreters) of the chosen surface above sea level. “M" s iﬁ:sx «center of 2 maist tongue, “0°* the center of o dry tongue.
“H" and "L" are entered at the crests snd troughs of the jsentrapic sheet, The mumbers to the nght of the aerologeal sta-
tions are, in the arderiisted, the specific humidity, the elevarion, and the relative humidity at the given isentropc sheet,
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amples of Isentropic Analysis by Jerome Namias) vield the same results.* Further
examples of these eddies may be found in the same volume.}

In these eases the flow of the undisturbed currents is not from west to cast. It is
quite legitimate, however, to apply the previous results to such flow. The magnitude of
waves for currents which cross circles of latitude will lie in between those which we
have computed. To see this we ‘merely have to substitute f-+A8 for 8, in our funda-

@ =350°
JUME 28, 1937 A.M,

Iseneropic Chart for June 26, 1937

mental equations. There will then be a correction factor due to Af. This factor, however,
15 50 small that it will not materially affect our results. -

11. UnequaL Lavers

The equation for this case can be obrained by going back to the éxpression for the
streamlines (14b). Introducing h=27/D for the lower and X' =2x/I' for the upper layer,
. we may carry through the same integrations as before. The same group of equations

* Papers in Physical Oceanography and Metesorology, Vol, VI, No. 3.
1 Isentropic Analysis of a Case of Anticyclogenesis by Rirchic G. Simmers,
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(16a, b, ¢, d) are obtained except for the substitution of A’ for A in the northern layer.
Instead of equation (16) we obtain:

(21} e — U)® prr + (e = U DrEEy =B {Dle = U) + D'e = N}
D D 47t

.

12, SUMMARY

We have seen how the method of circulation integrals may be used in obtaining the
formula for the welocity of a wave for an infinite or a finite horizontal layer. The same

JUME 27,1937 A M.

Tsenwropic Chart far June 27, 1037

method applied to several cases of shear enables us to compute the wave velocities, the
lengths of stationary waves, and the eritical wave lengths for the double horizontal
layer of finite and infinite extent. It is found that the ratio of the amplitudes of the
trajectories to that of the strcamlines is not affected by the presence of kinematic
restraints. The critical wave lengths are a measure of the instability arising from the
action of shear. These wave lengths are found to compare favorably with the sizes of
eddies fourid on the isentropic chares.




- APPENDIX ) .

We present a proof to show that it is quite legitimate to apply our results to a non.
horizontal isentropic surface.

Fia. 14. The sloping isentropic surfacs.

If ABCD represents a rectangular area lying within a plane isentropic surface (see

Fig. 14) then .
f fv-ﬁr=—fu?p-&r—‘zf&>(v-ﬁr—f T b
ABCDA .
—qf £ K vedr

since there are no solencids within this surface, and V¢ is a conservative vector
(X ve=o). We may let

Q=404+ 0

(22}

and
v= (U u)i+of+uwk=vg+u'k
where @, and @, are the horizontal and vertical components of @, and «’, v/, w0 are the
perturbed velgeities. Then
@ v)dr=(0,+0,)% (vp+uk)ir=0
along BC and D4, but
(£ 3 v)-dro= l.ﬂ Wovy 4+ i, ¥ (w'k) | e = (0, % v dr)

along B4 and CD since &r is p:rpcndlcttlar to @, (w'k) there. Thus equation (22) re-
duces to the familiar fi form already treated in the case of a harizantal surface:

(23) f ir-ér-:—:lfﬂ,x vy dr
ARCOA )

(see Equarinn 3.
Tt is intercsting to note in this connection that if we assume that the north-south
cross section for surfaces of constant potential temperature, density, etc. is the same

3
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for every longitude then no m:tangmar surl'ace. whose edge is on:nl::d West 1o east,
can have any solenoids on it. This follows because the intersection of the latter surface
with the former yields parallel lines only. This implies that no solenoids can exist within
either a horizontal or isentropic plane surface of the kind we have mentioned.
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